Abstract. For C * -algebras A and B, the operator space projective tensor product A ⊗B and the Banach space projective tensor product A ⊗γ B are shown to be symmetric. We also show that A ⊗B is weakly Wiener algebra. Finally, quasi-centrality, and the unitary group of A ⊗B are discussed.
Introduction
For a Hilbert space H, let B(H) denote the space of all bounded operators on H. An operator space X on H is just a closed subspace of B(H) [6] . For operator spaces X and Y , and u an element in the algebraic tensor product X ⊗ Y , the operator space projective tensor norm is defined to be u ∧ = inf{ α x y β : u = α(x ⊗ y)β}, where α ∈ M 1,pq , β ∈ M pq,1 , x ∈ M p (X) and y ∈ M q (Y ), p, q ∈ N, and x ⊗ y = (x ij ⊗ y kl ) (i,k),(j,l) ∈ M pq (X ⊗ Y ). The completion of X ⊗ Y with respect to this norm is called the operator space projective tensor product of X and Y , and is denoted by X ⊗Y . It is well known that, for C * -algebras A and B, A ⊗B is a Banach * -algebra under the natural involution [16] . The main objective of this paper is to study properties like symmetry, weak Wiener, quasi-centrality of A ⊗B. This * -algebra has acquired more attention because · ∧ is the largest operator space crossnorm smaller than the Banach space projective norm · γ , and there are not sufficient informations available about A ⊗ γ B.
The notion of symmetry was orginated by D. A. Raikov in 1946 in the context of algebras with involution in order to generalize the C * -algebra results of Gelfand and Naimark. Later, several authors studied this concept in the context of L 1 -convolution algebra L 1 (G) of a locally compact group G, e.g. see [17] , and [19] . It is still not known whether the projective tensor product of two symmetric Banach * -algebras is symmetric or not. Kugler in 1979 showed that if one factor is a type I C * -algebra and other is a symmetric Banach * -algebra, then their Banach space projective tensor product is symmetric [14] . In Section 2, we show that the Banach space projective tensor product and the operator space projective tensor product of two C * -algebras are symmetric. Symmetry of A ⊗B is then used to prove that, for separable C * -algebras A and B, P rim * (A ⊗B), the set of kernels of topologically irreducible * -representations of A ⊗B, and P rim(A ⊗B), the set of kernels of algebraically irreducible representations of A ⊗B, coincides. We also show that A ⊗B is weakly Wiener. Section 3 is devoted to the quasicentrality of A ⊗B, and A ⊗ h B, the Haagerup tensor product of A and B. Finally, we discuss the unitary group of A ⊗B.
Recall that the Haagerup norm on the algebraic tensor product of two C * -algebras A and B is defined, for u ∈ A ⊗ B, by
The Haagerup tensor product A ⊗ h B is defined to be the completion of A ⊗ B in the norm · h [6] .
Symmetry And Weak Wiener Property
Throughout this paper, for an algebra A, Z(A) denotes the center of A. By an ideal of A we shall always mean a two-sided ideal. The set of all closed ideals (resp., proper closed ideals) of A is denoted by Id(A) (resp., Id ′ (A)), and the set of all primitive ideals of A by P rim(A). By a primitive ideal of A, we mean a two sided ideal I of A which is the quotient of a maximal modular left ideal, i.e. I = L : A = {a ∈ A : aA ⊆ L}, for some maximal modular left ideal L. P rim(A) is endowed with the hull-kernel topology (hk-topology). The algebra A is said to be primitive if the zero ideal is a primitive ideal. In a similar manner, one can define the hk-topology on P rime(A), the space of all prime ideals of A, and on M ax(A), the set of all maximal modular ideals of A.
For a * -algebra A, let P rim * (A) denote the set of kernels of topologically irreducible * -representations of A. Equip P rim * (A) with the hk-topology. If A is a C * -algebra, then P rim(A) = P rim * (A).
A Banach * -algebra A is said to be symmetric if every element of the form a * a has non-negative spectrum. Ford and Shirali proved that, for a Banach * -algebra A, this is equivalent to being a Hermitian, i.e. self-adjoint elements of A have real spectrum. Equivalently, from ( [20] , Theorem 1), a Banach * -algebra A is symmetric if and only if every proper modular left ideal of A is annihilated by a non-zero positive linear functional. It is well known that every C * -algebra is symmetric.
It was shown in ( [11] , Theorem 16) that for a subhomogeneous C * -algebra A, A ⊗B is symmetric for any C * -algebra B. In the following, we show that the result is true in general.
Theorem 2.1. For C * -algebras A and B, the Banach * -algebra A ⊗B is symmetric.
Proof: Consider a proper modular left ideal L of A ⊗B. One can assume that L = {0}. Let u ∈ A ⊗B be a right modular unit. We will show that i(L), i.e. min-closure of i(L), is a proper modular left ideal of A ⊗ min B with the right modular unit i(u), where i : A ⊗B → A⊗ min B is the canonical injective * -homomorphism [9] . Clearly, i(L) is a left ideal in A ⊗ min B. It is easy to see that i(A ⊗B) is · min -dense in A ⊗ min B. So, for a given y ∈ A ⊗ min B, there exists a sequence y n ∈ A ⊗B such that y − i(y n ) min → 0. Since u is a right modular unit, so x − xu ∈ L for all x ∈ A ⊗B. In particular,
Since L is a proper modular left ideal in A ⊗B, so cl(L) is also a proper modular left ideal with the right modular unit u [3] . Thus u / ∈ cl(L) and so, by the Hahn Banach theorem, there exists w ∈ (A ⊗B) * such that w(u) = 0, and w(L) = {0}. That is, L ⊆ ker(w), which further implies that ker(w) min = A ⊗ min B, where ker(w) min is the min-closure of ker(w). Thus ker(w) min contains all elementary tensors. Using ( [16] , Theorem 6), it follows that ker(w) contains all the elementary tensors. Hence ker(w) = A ⊗B. In particular, w(u) = 0, a contradiction. Hence i(L) is a proper modular left ideal of A ⊗ min B, and so there exists a non-zero positive linear functional, say f on A ⊗ min B and hence continuous, such that
Since i is a * -homomorphism, so f •i is a positive linear functional on A ⊗B. Using the continuity of the functional f , it is easy to verify that f • i is non-zero. Hence A ⊗B is symmetric. ✷ Corollary 2.2. Every P ∈ P rim(A ⊗B) is of the form P = A ⊗J + I ⊗B, for some I ∈ P rime(A) and J ∈ P rime(B).
Proof: By Theorem 2.1 above, and ( [21] , Theorem 11.5.1), we have P rim(A ⊗B) ⊆ P rim * (A ⊗B). So, for a given P ∈ P rim(A ⊗B) there exist I ∈ P rime(A) and J ∈ P rime(B) such that P = A ⊗J + I ⊗B, by ( [11] , Theorem 7). ✷ Now, we proceed to show that the Banach space projective tensor product A ⊗ γ B is symmetric. Using ( [8] , Proposition 2), one can verify that the identity map i from A ⊗ γ B into A ⊗ min B is injective. The following result for the Banach space projective tensor product of von Neumann algebras can be proved on the similar lines as that in ( [1], Lemma 4.2) for the Haagerup tensor product. However, we outline the proof for the sake of completeness.
Lemma 2.3. Let M and N be von Neumann algebras and let L be a closed
. By Dixmier Approximation theorem,
for all a ∈ M , and b ∈ N . So we obtain a unique operator, say α n ⊗ γ β n , on M ⊗ γ N and L is invariant under α n ⊗ γ β n for each n. Now as in [1] , the partial sums of
Thus, for sufficiently large choice of n, we have
So α n ⊗ β n can be extended to M ⊗ min N . Let the extension be denoted by
Thus,
✷ Theorem 2.4. For C * -algebras A and B, the Banach * -algebra A ⊗ γ B is symmetric.
Proof: From ( [15] , Lemma 5.2), we know that the natural embedding i A ⊗ i B of A ⊗ γ B into A * * ⊗ γ B * * is isometry. So A ⊗ γ B can be regarded as a closed * -subalgebra of A * * ⊗ γ B * * . Using Lemma 2.3 and arguments similar to that of Theorem 2.1, it follows that, for any von Neumann algebras M and N , M ⊗ γ N is symmetric. Thus A ⊗ γ B is symmetric. ✷ Now we look at the structure of P rim(A ⊗B).
Theorem 2.5. For C * -algebras A and B, let P ∈ P rim(A) and Q ∈ P rim(B) then A ⊗Q + P ⊗B ∈ P rim(A ⊗B).
Proof: From ( [11], Lemma 2) and ( [10] , Proposition 3.5), we know that there exists an isometric isomorphism from (A ⊗B)/(P ⊗B + A ⊗Q) onto (A/P ) ⊗(B/Q). Since P ∈ P rim(A) and Q ∈ P rim(B), so A/P and B/Q are primitive C * -algebras. Therefore it is enough to show that, for primitive C * -algebras A and B, A ⊗B is a primitive Banach algebra. Suppose first that A and B are unital C * -algebras with identities 1 A and 1 B , respectively. Since A and B are primitive C * -algebras, so there exist maximal modular left ideal M in A, and N in B such that {0} = M : A, and {0} = N : B. Since the maximal modular left ideal in a Banach algebra is norm closed [3] , so A ⊗N and M ⊗B are well-defined. Now, we show that if S is any left ideal of A ⊗B containing both A ⊗N + M ⊗B, and a non-zero closed ideal I of A ⊗B then S = A ⊗B. Since I is a non-zero closed ideal of A ⊗B, so it would contain a non-zero elementary tensor, say a ⊗ b, by ( [10] , Proposition 3.6). Thus the closed ideal generated by a ⊗ b is also contained in I, so is contained in S. Since a ⊗ b is non-zero, so both a and b are non-zeroes. Therefore a / ∈ M : A and b / ∈ N : B, i.e. aA M and bB N , which further implies that < a > and < b > are not contained in M and N , respectively. Thus there exist c, d ∈ A and e, f ∈ B such that cad / ∈ M and ebf / ∈ N . Now consider A(cad) + M and B(ebf ) + N . Since cad / ∈ M and ebf / ∈ N , and so, by the maximality of M and N , we have A(cad) + M = A and B(ebf ) + N = B. So there exist g ∈ A, m ∈ M , h ∈ B, and n ∈ N such that g(cad) + m = 1 A , and h(ebf ) + n = 1 B . Therefore, we have
By the injectivity of the Haagerup norm, A ⊗ h N + M ⊗ h B is a left ideal of A ⊗ h B. Clearly, it is proper, so is contained in some maximal left ideal, say R. Then A ⊗N + M ⊗B ⊆ R ∩ A ⊗B. It is easy to see that R ∩ A ⊗B is a proper left ideal of A ⊗B. So let T be a maximal left ideal of A ⊗B containing R ∩ A ⊗B. We show that T : A ⊗B = {0}. Let 0 = x ∈ T : A ⊗B, then xA ⊗B ⊆ T . Thus < x >⊆ T , and so, by the above, T = A ⊗B, a contradiction. Hence, for unital primitive C * -algebras A and B, A ⊗B is a primitive Banach algebra.
If A has an identity, but B does not have. Consider the unitization B e of B. Clearly, B is a closed ideal of B e . Therefore, A ⊗B is a closed ideal of A ⊗B e by ( [16] , Theorem 5). Now using the fact that unitization of a primitive C * -algebra is a primitive C * -algebra and the above argument, A ⊗B e is a primitive Banach algebra, i.e. {0} is a primitive ideal of A ⊗B e . So, there exists an algebraic irreducible representation π of A ⊗B e such that ker π = {0}. By ( [21] , Theorem 4.1.6), either π| A ⊗B is irreducible or π| A ⊗B = {0}. If π| A ⊗B = {0}, then A ⊗B is zero, which is not true, and so π| A ⊗B is irreducible. Also ker π| A ⊗B = ker π ∩ A ⊗B = {0}. Hence the result follows in this case. In case, A and B do not have identities, then one may consider A e ⊗B e and apply the similar technique to obtain the result. ✷ Corollary 2.6. For separable C * -algebras A, B, we have P rim(A ⊗B) = P rim * (A ⊗B) = P rime(A ⊗B).
Proof: Let P ∈ P rim * (A ⊗B), then P = A ⊗J + I ⊗B for I ∈ P rim * (A) and J ∈ P rim * (B) by ( [11] , Theorem 7), and so, by the Theorem 2.5, P ∈ P rim(A ⊗B). Thus P rim * (A ⊗B) ⊆ P rim(A ⊗B). As noted in the Corollary 2.2, the reverse containment follows. Note that the other equality follows immediately from ( [11] , Theorem 6). ✷ Recall that a Banach algebra A is said to be weakly Wiener if every proper closed ideal of it is contained in a some primitive ideal. Note that every C * -algebra, and a Banach algebra with unity is weakly Wiener. Also every symmetric Banach * -algebra, which is weakly Wiener, has the Wiener property, i.e. every proper closed ideal is annihilated by a topologically irreducible * -representation. It has been shown in ( [11] , Theorem 10) that A ⊗B has the Wiener property.
Corollary 2.7. The Banach algebra A ⊗B is weakly Wiener.
Proof: In case A and B have unity then the result is trivial. It is sufficient to prove the result when A and B are non-unital. Consider the unitization A e of A and B e of B. Let I be a proper closed ideal of A ⊗B. If I = {0}, the result follows directly by Theorem 2.5, and so suppose that I = {0}. Since A ⊗B is a closed ideal of A e ⊗B e with bounded approximate identity, so I is a closed ideal of A e ⊗B e . Clearly, I is a proper ideal of A e ⊗B e . Thus, there exists an algebraic irreducible representation, say π, of A e ⊗B e such that I ⊆ ker π, which further implies that I ⊆ ker π| A ⊗B . By ( [21] , Theorem 4.1.6), either π| A ⊗B is irreducible or π| A ⊗B = {0}. If π| A ⊗B = {0}, then I is zero, which is not true, and so π| A ⊗B is irreducible. Hence A ⊗B is weakly Wiener. ✷ Note that the above result can also be proved for the Banach algebra A ⊗ h B using ( [7] , Theorem 2.2).
A Banach algebra A is said to be completely regular if M ax(A) satisfies:
The following lemma can be proved on the similar lines as done in Lemma 1.3 [2] for the Haagerup tensor product.
Lemma 2.8. Let I 0 and J 0 be closed ideals in C * -algebras A and B, respectively. Let S ⊆ Id(A), T ⊆ Id(B) be such that k(S) = I 0 and k(T ) = J 0 . Then A ⊗J 0 + I 0 ⊗B = {A ⊗J + I ⊗B : I ∈ S, J ∈ T }.
Using the above lemma, and the fact that the map φ, defined by φ(M, N ) = A ⊗N +M ⊗B, is a homeomorphism from M ax(A)×M ax(B) onto M ax(A ⊗B), which follows from [11] and [2] . We have Proposition 2.9. For completely regular C * -algebras A and B, A ⊗B is a completely regular Banach algebra.
Recall that an algebra A is said to be strongly semisimple if Rad(A) = {0}, where Rad(A) = ∩ M ∈M ax(A) M . Using the same argument as in ( [1], Proposition 5.16), it is easy to show that A ⊗B is semisimple. However, A ⊗B is strongly semisimple if and only if A and B are. This follows directly by observing that Rad(A ⊗B) = A ⊗Rad(B)+Rad(A) ⊗B, which can be proved by using Lemma 2.8 above and ( [11] , Theorem 9).
A Banach algebra is said to be topologically Tauberian if every proper closed ideal of it is contained in a some maximal modular ideal. For commutative C * -algebras A and B, A ⊗B is a topologically Tauberian Banach algebra by Corollary 2.7.
Theorem 2.10. For topologically Tauberian, completely regular, strongly semisimple C * -algebras A and B, A ⊗B is a topologically Tauberian Banach algebra. Conversely, for C * -algebras A and B, if A ⊗B is a topologically Tauberian then either A or B is topologically Tauberian.
Proof: Since A and B are topologically Tauberian, completely regular, strongly semisimple C * -algebras, so, by ( [21] , Theorem 7.3.4), J ∞ (A) = A and J ∞ (B) = B. Now, as done in ( [5] , Theorem 2.07) for the Banach space projective tensor product, we have J ∞ (A ⊗B) = A ⊗B. Hence the result follows.
For the converse part, suppose that neither A nor B is topologically Tauberian. So there exist proper closed ideal I in A, and J in B such that I M for all M ∈ M ax(A), and J N for all N ∈ M ax(B). This further implies that A ⊗J +I ⊗B A ⊗N +M ⊗B. So we get a proper closed ideal A ⊗J + I ⊗B of A ⊗B, which is not contained in any maximal modular ideal of A ⊗B, a contradiction. Hence the result. ✷ In particular, Z(A) ⊗Z(B) is a completely regular and topologically Tauberian, and Wiener Banach * -algebra.
Quasi-Centrality of A ⊗B
A Banach algebra is said to be quasi-central if no primitive ideal contains its center. Equivalently, from ( [22] , Proposition 1), for a weakly Wiener Banach algebra A, if A is quasi-central then any bounded approximate identity for Z(A) is an approximate identity for A, conversely, if A has an approximate identity each element of which belongs to Z(A), then it is quasi-central. Proof: (i)⇒ (ii) : Suppose that A, B are quasi-central. So A and B both have approximate identities each element of which belong to Z(A) and Z(B), respectively. As in [1] , if there are more than one approximate identity then we can always index them by the same partially ordered set. So we let {e λ }, {f λ } be the central approximate identities for A and B, respectively. It follows from ( [4] , Proposition 8.1) that {e λ ⊗ f λ } is an approximate identity in A ⊗B. Also, by [9] , there exists a contractive isomorphism θ from Z(A) ⊗Z(B) onto Z(A ⊗B), so e λ ⊗ f λ ∈ Z(A ⊗B). Thus the result follows from Corollary 2.7. It is easy to see that ψ ⊗ I is · ∧ -continuous, so can be extended to A ⊗B. Let the extension be denoted by ψ ⊗I. For 0 = a ∈ Z(A) fixed, define a mapping T a : A → A as T a x = xa. As in ( [4] , Theorem 8.2), {(T * a φ ⊗I)(t ν )} is an approximate identity for B. A similar argument shows that A also has. Now we show that
norm convergent sum in A ⊗B [6] . Now using the fact that t ν ∈ Z(A ⊗B), and a ∈ Z(A), we have
So {(T * a φ ⊗I)(t ν )} is a central approximate identity for B. For a unital Banach algebra A, let U (A) = {u ∈ A : u −1 ∈ A, u = u −1 = 1}, and U 0 (A) denote the subgroup generated by the set {e ih : h ∈ Her(A)}, where Her(A) denotes the set of all hermitian elements of A. For subsets S of A, and T of B, we write S ⊗ T for the set {a ⊗ b : a ∈ S, b ∈ T }. For unital C * -algebras A and B, it was shown in [12] that U 0 (A ⊗ γ B) = U 0 (A) ⊗ U 0 (B), and U (A ⊗ h B) = U (A) ⊗ U (B) [9] . The unitary group of A ⊗B can be characterized in a similar way as follows: Proposition 3.3. For unital C * -algebras A and B, U (A ⊗B) = U (A) ⊗ U (B).
Proof. Suppose that u ∈ U (A ⊗B). So u ∧ = 1 and u −1 ∧ = 1. Clearly, i(u) −1 = i(u −1 ), where i : A ⊗B → A⊗ h B is an injective homomorphism [9] . Since i is a continuous map, so i(u) h ≤ 1 and i(u) −1 h ≤ 1. Also, 1 ≤ i(u) h i(u) −1 h . Thus i(u) h = 1. Similarly, i(u) −1 h = 1. So, by ( [9] , Corollary 2), there exist a ∈ U (A) and b ∈ U (B) such that i(u) = a⊗b. But i is injective, so u = a ⊗ b. Hence U (A ⊗B) ⊆ U (A) ⊗ U (B). Converse follows easily from the fact that · ∧ is a cross norm.
From [9] , hermitian elements of A ⊗ h B (or A ⊗B) can be characterized as a ⊗ 1 + 1 ⊗ b, where a ∈ Her(A) and b ∈ Her(B). Hence, one can deduce easily that U 0 (A ⊗ h B) = U 0 (A) ⊗ U 0 (B), and U 0 (A ⊗B) = U 0 (A) ⊗ U 0 (B).
